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Introduction

This article presents a new approach to portfolio
revision that attempts to build a bridge between the
portfoliv selection models of academicians and the
work of practicing portfolio managers.

Portfolio management is a broad activity which
may involve more finance professionals than is fre-
quently realized. It is surely the major activity of a
fund manager; in addition, it is often a significant ac-
tivity of corporate chief financial officers and their
staffs. For example, it is usually desirable to maintain
among divisions of the firm and among capital invest-
ment projects a portfolio balance not unlike that
maintained by a fund manager among security in-
vestments. In addition, the chief financial officer is
frequently responsible for the firm’s investment port-
folios, as well as for its pension and profit-sharing
funds. On the side, he may be a college endowment
fund trustee or'a mutual fund director. All these ac-
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tivities involve updating, or revising, existing port-
folios to adjust for changing conditions and new infor-
mation.

The pioneering work of Markowitz and the
succeeding develcpments of most other researchers
apply, for the most part, to the more basic task of
portfolio selection, which is the determination of a
group of securities for initial investment.

The related but broader process of portfolio revi-
sion has developed slowly. This is felt to be one of two
major bottlenecks currently impeding progress and
implementation of scientific portfolio management.
(The other is the slow development of a comfortable
interface between security analysts and portfolio
analysts, whereby the former produce statistical es-
timates of the future performance of individual
securities and of the market for use in models of the
latter.)
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Nudging the revision process ahead is the goal of
this paper. It presents a portfolio revision methodol-
ogy that appears to be theoretically proper, poten-
tially understandable to both academicians and practi-
tioners, computationally feasible, and operationally
inexpensive.

The methodology builds on the portfolio selection
theory of Markowitz, summaries of which are widely
available, such as in Francis and Archer [6] and
Cohen and Pogue {2].

Portfolio Revision to Date

Previous revision models [I, 4, 10, 16, 18] have
tended to be difficult to program and expensive to
compute, as well as to require burdensome estimation
of transactions costs. Even approximate determina-
tion of those costs — such as brokerage commissions,
illiquidity costs, and taxes — is complex and may in-
volve computationally difficult non-linear and/or dis-
continuous expressions [1, p. 53, and 10, pp.
1009-1011). They may vary with transaction size, but
in inconsistent directions. For example, as trans-
action size increases, commission cost per unit tends
to decrease, but the unit cost of unfavorable price
movements when trading in imperfect markets tends
to increase. In addition, the hazy but real expenses of
research and decision time ought somehow to be in-
cluded.

The model presented in this paper abandons the
cost approach as impractical as to both computation
and implementation. A different concept, turnover
rate, is proposed as a more appropriate and useful
decision criterion for portfolio revision. A portfolio
model with a constraint on turnover rate can be
readily programmed to achieve useful results. Further,
and helpful for implementation, this concept is
already familiar to practitioners.

The Concept of Turnover

Rate of portfolio turnover is generally measured as
the proportion of a portfolio’s securities that changes
in the revision process. If, for example, Portfolio !
consisting of:

IBM $ 4,000
GM 4,000
AT&T 2,000

$10.000

is revised by sale.of GM and purchase of Exxon, to

result in Portfolio 2:

IBM $ 4,000
Exxon 4,000
AT&T 2,000

$10.000

it is clear that 40% of the securities have been changed,
or “turned over.”

Turnover rate is measured per period, usually per
year, During any time period, individual securities
typically fluctuate unevenly in valie. Suppose that
Portfolio 1 represents holdings on January 1; that
transactions during the year are:

Sold: AT&T for $2,200
Bought: Exxon for $2,200;

and that December 31 holdings have these market
values (Portfolio 3):

IBM $ 3,900
GM 5,200
Exxon 2,900

$12,000

In this instance, portfolio turnover rate, PTR, is:

value sold

PTR = >
average portfolio value

value bought
average portfolio value

_ 2,00
11,000

=20%.

The most general case must also provide for intra-
period cash flows into and/or out of the portfolio. Let
Portfolio 1 again be the January 1 holdings, and
assume also the $2,200 trade from AT&T to Exxon.
But at another time during the year, a commitment
requires selling enough IBM to raise $1,500. The
resulting December 31 holdings are (Portfolio 4):

IBM $2,600
GM 4,500
Exxon 2,300

$9,400

What is the effect of this sale of IBM on turnover
rate? There is none, because turnover rate is intended
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as a measure of portfolio changes determined by
revised expectations of securities’ performance.
Changes so determined typically involve a relatively
simultaneous sale of one set of securities and purchase
of another set of similar value. Turnover rate is not
affected by an excess of purchases over sales or vice
versa due to an exogenous inflow or outflow of cash.
Accordingly, portfolio turnover rate is finally defined
as purchases or sales during the period, whichever
amount is smaller, divided by average total value. For
the example, total purchases are $2,200, total sales
$3,700. Using the smaller figure, purchases:

- 2,200 _
PTR = 5,700 22.7%
Mathematically:
(P + S — NI)/2
PTR = *—r——A= 1
B A2 ®

where: PTR = portfolio turnover rate for a given
period; P = total purchases of portfolio securities dur-
ing the period; S = total sales of portfolio securities
during the period; NI = absolute value of net inflow
or outflow of money during the period; A, = net
assets at the beginning of the period; and A; = net
assets at the end of the period.

This definition is in virtual agreement with the
method prescribed in Securities and Exchange Com-
mission [12] for use by mutual funds. (The only
difference, a minor one, is the SEC’s use of monthly
average total value in the denominator.) And it is
identical with the turnover formula used in the well-
known mutual fund study of the Wharton School [19,
p. 210},

Rate of portfolio turnover is a measurable quantity
and an accepted concept. Its definition is not con-
troversial. It is widely used both formally and infor-
mally by investment practiticners. And so it is a
natural, logical candidate for service in portfolio revi-
sion models. We will move to putting it to work for
that purpose after a brief discussion on notation.

Notation for Portfolio Revision

Let X be a vector consisting of the proportionate
values_of individual securities_in_a_portfolio. More
specifically, let X; represent a portfolio just prior to
revision at time t, and let X% represent the portfolio
just after revision,

At some previous time t-1, portfolio X%, was

chosen for investment. (The choice then was either an
initial selection, usually the result of cash investment,
or a revision of an even earlier portfolio from time
t-2.) Since previous time t-1, and present time t, there
will have been two significant developments. First,
security price movements will have changed the
proportions indicated by vector X+.,. Those securities
that have gone up relatively more (or down relatively
less) are a greater fraction of the total, and vice versa.
As a result, portfolio X*., has become portfolio X;.
Second, expectations for individual securities will have
changed, rendering X*., (which has become X;) ineffi-
cient, as shown in Exhibit 1. A currently efficient port-
folio, X*, is desired.

If turnover from existing securities to new securities
is unrestricted, and if transactions costs are negligible,
revised portfolio X+ can be found by traditional tech-
niques of initial portfolio selection. But typically,
transactions costs are not negligible, and other turn-
over restrictions exist. Accordingly, the general port-
folio revision problem is to identify a new portfolio
that maximizes investor utility after taking turnover
costs and constraints into account.

Incorporating the Turnover Constraint

The portfolio selection model (in any of its various
forms) can be broadened into a portfolio revision
model by constraining turnover of the existing port-
folio to a designated maximum rate. (It is of signif-

Exhibit 1. The Revision Challenge

E
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(invests, in p{n. ruskfres)

risk-free rate
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(risk)
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icant note that the portfolio selection model is quite
sensitive to changes in input data and that this results
in typical turnover rates at or near 100%. For most
practitioners, such rates are unacceptably high.)

Mathematically speaking, the portfolio selection
model finds minimum variance at all levels of ex-
pected return (or, equivalently, maximum expected
return at all levels of variance). The revision model
adds a requirement or constraint on maximum turn-
over. (Constraints are frequently encountered and
readily handled in mathematical programming
models. For example, the portfolio selection model in-
cludes a constraint requiring that the “‘x™ variables
sum to one. This paper merely adds an additional con-
straint — albeit a somewhat complex one — to the
list.)

From a practical standpoint, this added constraint
may somewhat simulate the thinking of the
professional portfolio manager. Ideally, he might
prefer to substitute a completely new portfolio for the
existing one, but instead he makes only selective
changss because of taxes, commissions, and other
costs of high turnover. A further restraining influence
on managers of some portfolios such as mutual funds
is a requirement to disclose portfolio turnover rates.
High rates are conventionally viewed with disfavor.

After transformation into the notation of mathe-
matical programming models, the definition of turn-
over in Equation (1) becomes:

PTR, = 2| X0 = Xie| @
2

where: PTR; = portfolio turnover rate at time t;
x* = proportion of security i in the portfolio just
after revision at time t; and x;, = proportion of
security i in the existing portfolio just prior to revision
at time t.

It is assumed in this paper that there are no external
cash inflows or outflows. An extension to consider
these is not difficult, but to make assumptions here on
such flows would unnecessarily complicate this discus-
sion.

It is also assumed that the revision process is con-
ducted once per period. Accordingly, Equation (2)
does not provide for averaging two asset values in the
denominator as does Equation (1). This is consistent
with other academic studies including those referenced
earlier. Of course, portfolio managers in the real
world practice their art continuously rather than at
discrete time points. And they must, in addition, con-
sider matters such'as numbers of shares, round lots,

minor transfers to and from the cash account to the
extent that values of purchases and sales mis-match,
and others. While all these considerations are impor-
tant real-world details, they also can be easily and
most efficiently handled separately.

Turnover as defined in Equation (2) can be incor-
porated as a constraint into any of the several mean-
variance portfolio selection models — the full
variance-covariance model, the various multi-index
models, or the single index model. This paper dem-
onstrates use of the latter of these.

To eliminate the awkward absolute value signs,
Equation (2) is revised to an equivalent:

PTR, = 28k = ) 6)

where: ¢, shifts between +1 and —1 so that ¢; = +1
when x*; > Xi, and ¢, = —1 when x*%, < xi,.

Provision must also be made for the turnover con-
straint to shift from binding to non-binding and vice
versa. This is necessary because, as will be recalled,
the constraint designates a maximum turnover rate.
Where turnover in an unconstrained case is less than
the maximum, the constraint must not be binding.

Incorporating the turnover constraint into a com-
puter program of the portfolio selection model proved
to be a fully logical, yet lengthy mathematical and
programming task. The appendix presents a brief
description of this process.

Results in Simple Situations

Exhibits 2, 3, and 4 present efficient frontiers for a
small population of five artificially designated
securities. In Exhibit 2, the existing or pre-revision
portfolio is invested 100% in security 1. Exhibits 3 and
4 present efficient frontiers where the existing port-
folio is 100% invested in stocks 3 and 5, respectively.
In each exhibit, separate curves of efficient frontiers
represent maximum turnover rates of 25%, 50%, 75%,
and 100%. The last of these cases, 100% turnover, is,
of course, the completely unrestrained case — iden-
tical with results from the initial portfolio selection
model. It should be noted that certain portions of the
curves represent the turnover constraint in binding
mode, others in non-binding mode.

Resuits in a Major Simulation

The new revision model operates efficiently on large
populations of securities as well as small, and at all
rates of turnover. This broad ability is demonstrated
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Exhibit 2. Revision Possibilities at Various Max-
imum Turnover Rates. X; = Stock 1
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by reporting the results of the following major
simulation:

1. Basic simulation plan: time period one decade,
1966-1975; initial portfolio just prior to December 31,
1965, invested equally in each of the population’s
securities, and then revised on December 31, 1965, and
annually thereafter through December 31, 1974; in
each year, the newly-revised portfolio lies “‘un-
managed” from January 1 to December 31; cash
dividends received on any security reinvested in that
security.

2. Population: common stocks of the 50 largest
NYSE firms measured by aggregate common stock
market value at beginning of the simulated decade; for
the market index, the New York Stock Exchange
Composite Index.

3. Forecast of investment performance: ex ante ex-
pectations for each security and for the market
forecast at the end of each year by extrapolating the
previous five years’ actual annual performance. (The
simulations of [11] show that ex ante expectations
based on the most recent five or so annual historical
returns generally produce the best ex post portfolio
performance.)

4. Permissible turnover rate: separate simulations
conducted for maximum annual turnover rates of
100%, 75%, 50%, 25%, and 0%.

5. Choice of efficient portfolio: the tangent port-
folio associated with a 5% risk-free lending/borrow-
ing rate chosen each December 31 for investment dur-
ing the next year; this intended to represent roughly

Exhibit 3. Revision Possibilities at Various Max-
imum Turnover Rates. X& = Stock 3
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Exhibit 4, Revision Possibilities at Various Max-
imum Turnover Rates. X; == Stock 5
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the utility map of an “intermediate” investor — one
whose preferences are midway between conservative
and aggressive.

6. Performance measurement: for each year, total
return (representing both capital gains/losses and
dividends) noted; then two measures of ex post perfor-
mance for the decade determined: geometric mean
returh and reward to variability ratio (see Sharpe
[13D).

7. Income taxes: a tax-free situation assumed, cor-
responding to the real-world setting for foundations,
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university endowment funds, pension funds and,
basically, for mutual funds.

Exhibit 5 shows the simulation in diagrammatic
form.

This research design leads to a multi-period horizon
produced from a series of single-period optimizations.
Fama [3] shows that, under these conditions, the
multi-period result is also optimal.

Exhibit 6 presents detailed results for the case of
25% maximum turnover, while Exhibit 7 gives overall
results for the five designated turnover limits.* Where
100% turnover is permitted, the outcome is identical
to that produced by the initial portfolio selection
model, as in Schreiner [11]. In the 0% case, with no
turnover at all, the initial portfolio (invested equally in
all available stocks) runs ten years without external
revision. Of course, those stocks performing relatively
well over the years become larger proportions of the
total portfolio and vice versa.

It should be evident that composition of the initial
portfolio is increasingly crucial as rate of permissible
turnover is decreased. For this paper, it was arbitrarily
decided that the initial set of securities be passively

*The average central processor time for a ten-year simulation
with one turnover rate on a population of 50 securities is about 8
seconds on Control Data Corporation's Cyber 75 system. This is
about twice the corresponding time for the initial portfolio selection
model (and producing the same results as in the 100% turnover
cuse). The increased time is felt reasonable in view of the more
realistic and useful results. The Cyber 75°s commercial rate is on the
order of $16 per central processor minute, so the cost for 8 seconds
of roughly $2 is well within a nominal range.

Exhibit 5. The Multi-Year Simulation Plan

STEP4: Steps 1-3 are repeated, year by yean, to complete the decade 1966-1975:

STEP3: Portfolio performs through year without further change.

chosen, with equal investment in all those available.
Prominent among numerous other possibilities would
be an efficient set determined by the initial selection
model (or, equivalently, by the revision model with
100% turnover permitted).

Exhibit 7 indicates that, for this simulation,
moderate turnover rates are associated with the most
favorable performance. In particular, at 25% max-
imum turnover, the highest measures are achieved for
both geometric mean return and reward to variability
ratio. This is worth noting, even though it is not a
strong conclusion, given the arbitrary choice of initial
portfolio and the naive, mechanical method of
generating ex ante expectations — via extrapolations
of history. In the same vein, and subject to the same
limitations, one cannot fail to notice that performance
at 0% turnover, a buy-and-hold strategy, exceeds that
of all three cases of 50% or higher turnover. These
results favor conservative strategies of buy/hold or
moderate turnover, and disfavor so-called churning.
Interestingly, this accords with the conventional
wisdom of most practitioners.

Among the variations that others may wish to ex-
plore is an analysis combining turnover constraints
and estimated transaction costs. This might be ap-
proached by plotting utility-maximizing portfolios un-
der a series of maximum turnover rates, as in Exhibit
8. One could then analyze transactions costs while
moving along a gradient line, as shown, to chosen
portfolios representing steadily increasing turnover
rates. The optimal rate would be where expected
return less costs is highest.

1961 1962

{ ]
1064 1965 ’kﬁf’fj 1967

STEP 2: Portfolio revised.’_—_\
Y 4 |

] { l ]
L4 T

1963

1968  time

STEP 1: Five years of historical returns are the basis

of expectarions for the following YeA.
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Exhibit 6. Ten-Year Simulation, Dctailed Results, (50 stocks, maximum turn-

over 25% per year.)

Cumulative Value

Actual Turnover No. of Year's of $10,000 Invested
from Stocks In Investment at 12/31/65, at
Year Previous Year Portfolio Return End of Year
1966 25% 38 - 1.76% $ 9,824
1967 25% 23 5.21% 10,336
1968 25% 21 49.62% 15,465
1969 25% 20 - 6.86% 14,405
1970 25% 17 ~-10.35% 12,914
1971 25% 14 27.94% 16,522
1972 25% 13 29.48% 21,392
1973 25% 15 -17.30% 17,691
1974 25% 14 -27.70% 12,791
1975 25% 10 19.62% 15,300
Arithmetic mean return 6.79% Of 10 periods, turnover
Standard Deviation 22.99% constraint binding in 10
Geometric Mean Return 4.34% Average annual turnover 25.0%
Reward to Variability Ratio 0779 Average number of stocks
invested 18
Exhibit 7. Ten-Year Simulation, Summary Results. (50 stocks, investment in years 1966-1975.)
Performance Measures
Maximum Arithmetic Ending Value Geometric Rewardto  Of 10 Periods,  Average  Average No. Computer
Turnover Mean  Standard of Initial Mean Variability Constraint Annual Of Stocks  Processing
Per Year Return  Deviation $10,000 Return Ratio Binding In Turnover Invested Time(sec.)
100% 4.70% 25.03% $11,900 1.75% -.0121 ¢ 60.6% 11 8.3
75% 4.55% 25.18% $11,680 1.57% -.0179 1 60.3% 10 1.1
50% 5.92% 25.19% $13,276 2.87% 0364 8 49.4% 13 79
25%* 6.79% 22.99% $15,300**  4.34%** .0779** 10 25 % 18 7.3
0% 6.08% 19.45% 315,091 4.20% 0557 10 0 % 50 29

*Exhibit 6 gives detailed results for this case.
**Best value in each column of performance measures.

Summary and Conclusions

This paper presents a new approach to revising
portfolios which limits turnover of securities to a
designated maximum rate. It is demonstrated that this
is readily achievable — mathematically, com-
putationally and economically — for populations of
securities from small to large. The method produces
theoretically proper results withoui resort to judg-
mental searching or testing. Further, it sidesteps the
difficult task of estimating total trading costs by sub-
stituting a constraint describable in terms familiar to
both academicians and practitioners. One of the
model’s key advantages is that it can be easily under-

stood by, and discussed between, both of these groups.
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Appendix. Mathematical
Details

and Programming

The procedure for tracing the efficient frontier of
the turnover-constrained revision model is sketched
here mathematically and descriptively.

Several comparisons with the less complex portfolio
selection model are made. Readers interested in
greater technical detail with regard to that model are
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Exhibit 8. Proposed Extension. Combine expected
return and turnover costs at various points along the
**gradient line” to find optimal revised portfolio

Investor uslity map

(returgz)

EfficientFrontiers
at various maximum

Turnover rates.

-
(risk)
referred to Markowitz [9], Schreiner [11], and Sharpe
[15]. Those desiring computer programs in
FORTRAN language for either model are invited to
write the author.

The portfolio selection model is, mathematically, a
problem of quadratic programming. In vector nota-
tion, the simplified diagonal selection model of Sharpe
[15] is:

Minimize
Subiect to:

X'QX

n
2X|=1

n
Zxb; = by

n+1
Zax, = E*

x20,i=123,..,n

This becomes the revision model discussed in this
paper by adding a turnover constraint formed from
Equation (3):

3G (x4 — x7)

3 < TOL

(A-D
where TOL = portfolio turnover limit.

After moving the constants to the right side, this

becames:

n n
2 ox% S 2TOL + Zex,. (A-2)
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The frontier of efficient portfolios is traced as this
problem is solved for values of portfolio expected
return, E¥, ranging from the highest possible E* down
to the E* of the minimum variance portfolio. This is
done first, by locating the highest E* corner portfolio,
and second, by finding succeeding corner portfolios,
one by one.

After applying the LaGrangian technique to the
constraints, the following algebraic matrix expression
is formed:

‘r]l ' I b C: x4 [}
[+ |1 b, o x% )
O 0s |1 bycfl x% EN
. IR .
. (RN | s M|+ P
0's qn ll b, ¢l x4 a,
_________ Q10 100Xz, 1| 18037
FTT=770 N 1 0]
b, b by« + b, —1 | 0s | A 0 0
cl c2 (‘4 e cn 0 ! L Ac EHSTO 0
L a i 4 L]

n
where: RHS1o =2TOL + 2 c¢xj and Ag = E-V
slope.

In each interval between corner portfolios, this
procedure is applied to those variables designated as
“in,” meaning available to vary in value. Variables
designated as “‘out” in a given interval are fixed in

value at upper or lower limits.

Finding the First Corner Portfolio

For initial portfolio selection, the first corner port-
folio is 100% invested in that security with the highest
expected return, E. If the upper investment limit of
that security is less than 100%, then the remainder is
invested in the security of second-highest E, and so on.

In_the case of turnover-constrained portfolio revi-
sion, the first corner portfolio is found as follows: find
the highest E security currently invested below its up-
per limit and the lowest E security currently invested
above its lower limit (i.e., above zero). Increase invest-

ment in the highest E security and simultaneously
reduce investment in the lowest E security until the
resulting turnover increases to the designated max-
imum. If the respective limit for either stock is
reached before the resulting turnover reaches the
designated maximum, shift to the next highest/lowest
E stock, respectively, and so on.

Finding Succeeding Corner Portfolios

For initial portfolio selection under the Markowitz
critical line method, each *‘out” security of the preced-
ing corner portfolio is tested to find the E-V slope at
which it would come “in;” and each “in™ security is
tested to find the E-V slope at which it would go
“out.”” The succeeding corner portfolio is at the
highest slope just found which is less than or equal to
the slope of the preceding corner portfolio.

In the case of turnover-constrained portfolio revi-
sion, the testing is more extensive. The succeeding cor-
ner portfolio is at the highest E-V slope which is less
than or equal to the slope of the preceding corner port-
folio, as found by the following tests:

1. For each *‘out” security, find the slope at which
it would come *‘in;” for each ‘‘in” security, find the
slope at which it would go “out.”

2. For each “in” security, find the slope at which its
proposed investment proportion (“x%” value) would
equal its investment proportion in the existing port-
folio (*'x;” value). The purpose of a corner portfolio
chosen by.this test is to reverse the “c” value from
(—1) to (+1) (or vice versa) as is required by the turn-
over constraint’s basic definition. See Equations (3)
and (A-1).

3. If the turnover constraint is binding, find the
slope at which it would no longer bind. The purpose of
a corner portfolio chosen by this test is to de-activate
the turnover constraint. Conversely, if the turnover
constraint is non-binding, find the slope at which turn-
over increases to the designated maximum. The pur-
pose of a corner portfolio chosen by this test is to ac-
tivate the turnover constraint, and thereby prevent
turnover from exceeding the designated limit.

The process concludes when the minimum variance
portfolio is found, as identified by a zero slope.
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